Abstract. Let N be a (n+1)-dimensional globally hyperbolic Lorentzian manifold with a compact Cauchy hypersurface S 0 and F a curvature function, either the mean curvature H, the root of the second symmetric polynomial σ 2 = √ H 2 or a curvature function of class (K * ). We consider curvature flows with curvature function F and a volume preserving term and prove long time existence of the flow and exponential convergence of the corresponding graphs in the C ∞ -topology to a hypersurface of constant F -curvature, provided there are barriers. Furthermore we examine stability properties and foliations of constant F -curvature hypersurfaces.
compact Cauchy hypersurface under suitable assumptions:
where x 0 is the embedding of an initial, compact, connected, spacelike hypersurface M 0 of class C m+2,α , 2 ≤ m ∈ N, 0 < α < 1, ν is the corresponding past directed normal, F is a curvature function of class C m,α (Γ) evaluated at the principal curvatures of the flow hypersurfaces M (t), x(t) denotes the embedding of M (t), Φ is a smooth supplementary function satisfying Φ ′ > 0, Φ ′′ ≤ 0, and f is a volume preserving global term, f = f k , see the definition below.
Furthermore the initial hypersurface should be admissible, meaning that its principal curvatures belong to the defining cone Γ of the curvature function F , which will be specified below.
Depending on which type of volume has to be preserved, we define the global term as in [22] :
Here H k , k = 0, ..., n, denotes the k-th elementary symmetric polynomial, where H 0 = 1. For an overview of the notation (especially concerning the curvature functions) we refer to section 2. We assume that the ambient space N is a (n + 1)-dimensional smooth, connected, globally hyperbolic Lorentzian manifold with a compact, smooth, connected Cauchy hypersurface S 0 , and N is covered by a future directed Gaussian coordinate system (x α ), such that the metric (ḡ αβ ) can be expressed in the form
where x 0 is the time function defined on an interval I = (a, b), we suppose without loss of generality 0 ∈ I and (x i ) are local coordinates for the Cauchy hypersurface S 0 . The coordinates can be chosen such that (1.4) S 0 = {x 0 = 0}.
The existence of a smooth, proper function f : N → R with non-vanishing timelike gradient in a merely connected, smooth Lorentzian manifold N already assures the existence of such a special coordinate system, see [14, We need one further assumption on the ambient manifold, namely we consider curvature flows in cosmological spacetimes, a terminology due to Bartnik, meaning a Lorentzian manifold with the above properties, which furthermore satisfies the timelike convergence condition, an assumption which is quite natural in the setting of general relativity as it corresponds to the strong energy condition (see for example [16] ). Hence for all p ∈ N there holds (1.5)R αβ V α V β ≥ 0 ∀ timelike V ∈ T p N.
We only mention that for the proof of Theorem 1.3 (with F = H) this condition could be relaxed to the case where the lower bound is −Λ with a constant Λ > 0, where in this case one needs to assume that there holds H > √ nΛ on the initial hypersurface.
In the case of general curvature functions however we will need to assume that the timelike sectional curvatures of N are non-positive, i.e. at points p ∈ N there holds
The possible curvature functions are F = H, F = σ 2 or F ∈ (K * ). For these we have to distinguish their cones of definition Γ and the supplementary function Φ:
• Let F = H and k = 0, then let Φ(x) = x and Γ = R n . For k = 1 let Γ = Γ 1 and Φ ∈ C m,α (R + ) be an arbitrary function satisfying merely Φ ′ > 0 and Φ ′′ ≤ 0. For example, one could consider the surface-area preserving inverse mean curvature flow, Φ(x) = −x −1 . For higher k the flow is not well defined, since convexity does not need to be preserved during the flow.
• For F = σ 2 = H 1 2 2 let Γ = Γ 2 and Φ(x) = x or Φ(x) = −x −1 . Again, the flow is only well defined for k ∈ {0, 1, 2} for the same reasons as above.
• Lastly, let F ∈ (K * ) be a homogeneous function of degree 1 and of class C m,α (Γ + ), then for k ∈ {0, . . . , n} we choose Φ(x) = log(x) and Γ = Γ + . We denote by (F, Γ, Φ) one of the possible choices of curvature functions and their respective cones of definitions as well as supplementary functions stated above.
In order to be able to derive C 0 -estimates we have to add an additional assumption, first we provide the necessary definition: Definition 1.1. Let F be a continuous curvature function defined on an open, convex, symmetric cone Γ ⊂ R n . Then we define (here we distinguish the cases considering the future or the past by brackets):
Let c be a constant, then we say we have a future (past) curvature barrier for (F, Γ, c) of class C k,β , where k ∈ R, k ≥ 2, 0 ≤ β ≤ 1, if there exists a compact, connected, spacelike and admissible hypersurface M of class C k,β , satisfying If the curvature function is not the mean curvature, we assume the existence of a strictly convex function χ Ω ∈ C 2 (Ω), where Ω ⊂ N is the region between the barriers. For geometric conditions implying the existence of such a function see Lemma 3.2. Now we state the theorem: Theorem 1.3. Let N , M 0 and (F, Γ, Φ) be as above, m ≥ 2, 0 < α < 1, and suppose there holds assumption 1.2. Then the flow (1.1) with f = f k has a unique solution existing for all times 0 ≤ t < ∞, such that for fixed time M t ∈ C m+2,α and the M ′ t s considered as graphs u(t, ·) converge exponentially in C m+2 to a compact, connected, spacelike hypersurface of class C m+2,α , which is a stable solution of the equation If M 0 and F are smooth, then the convergence of the graphs is exponential in the C ∞ -topology. For k = 0 the enclosed volume, for k = 1 the volume of the hypersurfaces and if the ambient space has constant curvature K N = 0, then for 1 < k ≤ n the mixed volume V n+1−k is preserved.
Finally, we want to name some of the works about volume preserving curvature flows in different ambient manifolds and discuss shortly the results obtained in this work.
Volume preserving curvature flows have been considered for various curvature functions in different settings. Roughly speaking, if one assumes a certain convexity assumption or pinching condition on the initial hypersurface and shows that this condition is preserved during the flow, then after proving a priori estimates the existence of the flow for all times t ∈ [0, ∞) and the exponential convergence in the C ∞ -topology of the flow to a sphere or a geodesic sphere can be deduced.
In the case the ambient manifold is R n+1 , volume preserving mean curvature flows have been previously considered by Gage for n = 1 in [11] and by Huisken for n ≥ 2 in [17] . McCoy considered mixed volume preserving mean curvature flows in R n+1 in [21] and later on extended the results to very general curvature functions in [22] .
Recently Cabezas-Rivas and Miquel proved similar results for a volume preserving mean curvature flow in the hyperbolic space under the assumption of horosphere-convexity of the initial hypersurface, see [5] . Cabezas-Rivas and Sinestrari then considered the volume-preserving flow by powers of the elementary symmetric polynomials in the euclidean setting in [6] by assuming a pinching condition on the principal curvatures of the initial hypersurface.
However, to our knowledge the only result concerning volume preserving curvature flows in Lorentzian manifolds can be found in the paper [9] by Ecker and Huisken, where the volume preserving mean curvature flow has been considered. The method in the Lorentzian case differs substantially from the euclidean case. Neither convexity nor the pinching condition on the principal curvatures is preserved, but assuming (1.5) in the case of F = H and (1.6) in the case of a general curvature function respectively, investigating the evolution equation for the curvature function one can see that the upper and lower bound of the curvature function is preserved during the flow, which is also valid if an arbitrary, but bounded global term is considered. This result is the crucial part that enables one to prove C 0 -estimates under the assumption of barriers. Now the C 1 and C 2 -a priori estimates can be deduced by the same methods used in the case of a time-independent force-term and do not rely on the special choice of the global term. The higher order estimates can not be deduced directly from the results of Krylov-Safonov in view of the global term (which is merely bounded at this moment), instead we use a method already employed in the papers [22] and [6] . Then again the evolution equation for the curvature function is the starting point to conclude the exponential convergence to a hypersurface of constant F -curvature.
From the above remark about the dependence of the proofs on the global term f one can conclude, that, as far as long time existence is concerned, a far wider class of global terms can be considered than the ones used throughout the paper. In particular one can look as well at curvature flows that preserve volumes with different densities and obtain the same results stated above, as they neither disturb the boundedness of the curvature function nor the analysis carried out to achieve convergence.
It is also possible to prove the foliation of a future end of N by CMC--hypersurfaces by a similar method as in [14] by using the volume preserving curvature flow. However, since the proof is more complicated than the proof by using the mean curvature flow without a global term, we omit the proof of this result. Instead, we show in section 10 that a region enclosed by barriers for the F -curvature can be foliated by hypersurfaces of constant F -curvature. Furthermore we show that each CFC-surface in the interior of this region can be obtained as the limit hypersurface of a nontrivial curvature flow which preserves the volume respectively the area.
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Notation and Definitions
The main objective of this section is to formulate the governing equations of a hypersurface in a Lorentzian (n + 1)-dimensional manifold N and to provide the definitions of the classes of curvature as well as some well-known properties of certain curvature functions which will be used throughout this paper. Note that the main differences of hypersurfaces in Lorentzian manifolds compared to hypersurfaces in Riemannian manifolds arise from the sign change in the Gauß formula and hence the Gauß equation. For more detailed definitions about curvature functions, we refer the reader to [14, Chapter 2.1, 2.2] and for an account of the differential geometry to [13, Chapter 11, 12] and especially Chapter 12.5 therein with respect to Gaussian coordinate systems and Lorentzian manifolds.
Throughout this section N will be assumed to be a (n + 1)-dimensional Lorentzian manifold and, unless stated otherwise, the summation convention is used throughout the paper.
We will denote geometric quantities in the ambient space N by greek indices with range from 0 to n and usually with a bar on top of them, for example the metric and the Riemannian curvature tensor in the ambient space will be denoted by (ḡ αβ ) and (R αβγδ ) respectively, etc., and geometric quantities of a spacelike hypersurface M by latin indices ranging from 1 to n, i.e. the induced metric and the Riemannian curvature tensor on M are denoted by (g ij ) and (R ijkl ) respectively. Generic coordinate systems in N and M will be denoted by (x α ) and (ξ i ) respectively. Ordinary partial differentiation will be denoted by a comma whereas covariant differentiation will be indicated by indices or in case of possible ambiguity they will be preceded by a semicolon, i.e. for a function u in N , (u α ) denotes the gradient and (u αβ ) the Hessian, but e.g. the covariant derivative of the curvature tensor will be denoted by (R αβγδ;ǫ ). We also point out that (with obvious generalizations to other quantities) (2.1)R αβγδ;i =R αβγδ;ǫ x ǫ i , where x denotes the embedding of M in N in local coordinates (x α ) and (ξ i ). The induced metric of the hypersurface will be denoted by g ij , i.e.
, the second fundamental form will be denoted by (h ij ) and the normal by ν, which is a timelike vector, i.e. for p ∈ M there holds
p (N ) denotes the k-times contravariant and l-times covariant tensors and we note that the light cone C p consists of two connected components, C + p and C − p , which we call future directed and past directed respectively. The geometric quantities of the spacelike hypersurface M are connected through the Gauß formula, which can be considered as the definition of the second fundamental form, (2.4) x ij = h ij ν, where we are free to choose the future or the past directed normal, but we stipulate that we always use the past directed normal.
Note that here and in the sequel a covariant derivative is always a full tensor, i.e. The second equation is the Weingarten equation:
Finally, we have the Codazzi equation
Note that in the last equation the sign change comes into play. Now we want to define the different classes of curvature functions, first we provide the definition of such functions and mention some identifications, which will be used in the sequel without explicitly stating them again.
n be an open, convex, symmetric cone, i.e.
(2.9)
where P n is the set of all permutations of order n.
Then f is said to be a curvature function of class C m,α . For simplicity we will also refer to the pair (f, Γ) as a curvature function. Now denote by S the symmetric endomorphisms of R n and by S Γ the symmetric endomorphisms with eigenvalues belonging to Γ, an open subset of S. Then we can define a mapping
where the κ i denote the eigenvalues of A. For the relation between these different notions, especially the differentiability properties and the relation between their derivatives, see [14, Chapter 2.1] . Since the differentiability properties are the same for f as for F in our setting, see [14, Theorem 2.1.20], we do not distinguish between these notions and write always F for the curvature function. Hence at a point x of a hypersurface we can consider a curvature function F as a function defined on a cone Γ ⊂ R n , F = F (κ i ) for (κ i ) ∈ Γ (representing the principal curvatures at the point x of the hypersurface), as a function depending on (h j i ), F = F (h j i ) or even as a function depending on (h ij ) and (g ij ),
However, we distinguish between the derivatives with respect to Γ or S. We summarize briefly our notation and important properties:
For F ,i = ∂F ∂κ i > 0 in Γ + , vanishes on the boundary of Γ + and fulfills the following inequality:
where F is evaluated at (h ij ) ∈ S Γ+ and (h ij ) is the inverse of (h ij ).
where F is evaluated at (h ij ) and H represents the mean curvature, i.e. the sum of the eigenvalues of (h ij ). (iii) A differentiable curvature function F is said to be of class (D), if for every admissible hypersurface M the tensor F ij , evaluated at M , is divergence free.
First, we define the most important curvature functions, the elementary symmetric polynomials
and note that the n-th root of the gaussian curvature σ n = K
n is an example of a curvature function of class (K * ).
Further examples are given by noticing that if F ∈ (K * ) then F a ∈ (K * ) for a > 0 and if furthermore G ∈ (K) (where in this case it does not have to vanish on the boundary) then F G ∈ (K * ). Possible choices of G would be the inverses of the symmetric polynomialsH k (κ i ) =
Secondly, we remark, that a curvature function of class (K) and homogeneous of degree 1 is also concave, see [14, Lemma 2.2.14].
We note some important properties of the elementary symmetric polynomials:
(i) We define the convex cone
Then H k is strictly monotone on Γ k and Γ k is exactly the connected component of
containing the positive cone.
where the principal curvatures have to lie in Γ n ≡ Γ + for the first, in Γ t for the second and in Γ s for the third inequality. (iv) For fixed i, no summation over i, there holds
Proof. The convexity of the cone Γ k and (i) follows from [18, Section 2], (ii) and (iii) from [20] , Lemma 15.12 and Theorem 15.16, and (iv) follows directly from the definition of the H k .
A consequence of the preceding Lemma is the following Lemma 2.5. Let N be a semi-Riemannian space of constant curvature, then the symmetric polynomials
. In case k = 2 it suffices to assume that N is an Einstein manifold.
Proof. Remark 2.7. To estimate tensors, we will need a Riemannian metric on N . We use a Riemannian reference metric, which we define by
The corresponding norm of a vector field η on N will be denoted by
Finally, we want to note that we will use the parabolic Hölder spaces in later sections, where for the notation we refer to [14, Definition 2.5.2].
Evolution equations
In this chapter we state some facts about the representation of hypersurfaces as graphs and the evolution equations of the geometric quantities needed throughout the paper. For a derivation of the latter we refer to [14, Chapter 2] . Note that there is a slight but significant difference in the evolution equations compared to the Riemannian case due to the sign change in the Gauß equation. First of all, we have in view of [19, Lemma 3 .1] the following Lemma 3.1. Let N be a smooth, connected, globally hyperbolic Lorentzian manifold with a compact, connected Cauchy hypersurface S 0 and M ⊂ N a compact, connected, spacelike hypersurface of class C m,α , 0 ≤ α ≤ 1, 1 ≤ m ∈ N, then M can be written as a graph over S 0
We remark that the additional regularity mentioned above follows by the same proof as in [19, Lemma 3.1] , the implicit function theorem being the main theorem used in the proof.
From now on we assume to work in local coordinates of the special coordinate system given by (1.3).
The flow hypersurfaces can be written as graphs over S 0
where we use the symbol x ambiguously by denoting points p = (x α ) ∈ N as well as points p = (x i ) ∈ S 0 . Now suppose the flow hypersurfaces are given by an embedding x = x(t, ξ), where ξ = (ξ i ) are local coordinates of a compact manifold M , i.e. initially we have the embedding x : M → N , M 0 := x(M ). Then there holds
The induced metric has the form
where σ ij is evaluated at (u(x), x). Its inverse (g ij ) = (g ij ) −1 can be expressed as
where (σ ij ) = (σ ij ) −1 and we distinguish u i = g ij u j and
and where we define
Hence, graph u is spacelike if and only if |Du| < 1, in view of (3.4). The past-directed normal has the form
Furthermore, looking at the component α = 0 in the gaussian formula, we obtain
ij , where the covariant derivatives are taken with respect to the induced metric of the considered hypersurface andṽ = v −1 . For later use, we reformulate the above expression as in [14, (2.5.11)], such that
whereν,ḡ ij andh ij denote the normal, metric and second fundamental form of the coordinate slices {x 0 = const} and where the covariant derivatives of u are now taken with respect to the metric σ ij (u, x).
In the Lorentzian case controlling the C 1 -norm of graph u is tantamount to controllingṽ in view of (3.7) and
Finally, as for the curvature flows with general curvature functions we had to assume the existence of a strictly convex function χ ∈ C 2 (Ω) in a given domain Ω, we shall state a geometric condition guaranteeing the existence of such a function. For a proof of the following Lemma see [14, Lemma 1.8.3] .
Lemma 3.2. Let N be a smooth, globally hyperbolic Lorentzian manifold, S 0 a Cauchy surface, (x α ) a future directed Gaussian coordinate system associated with S 0 andΩ ⊂ N compact. Then there exists a strictly convex function χ ∈ C 2 (Ω), i.e. a function satisfying
with a positive constant c 0 , provided the level hypersurfaces {x 0 = const} that intersectΩ are strictly convex.
We consider a curvature function F ∈ C m,α (Γ), 2 ≤ m ∈ N, 0 < α < 1, a function f = f (t) and a real function Φ ∈ C m,α (R) and write from now on Φ = Φ(F ).
The curvature flow is then given by the evolution problem (1.1) with f = f k , 0 ≤ k ≤ n, as defined in (1.2) (where we remark again that not all values of k are allowed for F = H or F = σ 2 , see the remarks after equation (1.2)).
We will assume throughout the next sections that short time existence has already been assured and we consider a solution
Short-time existence is well known for the curvature flow without the global term as we are dealing with a parabolic problem and with a fixed point argument we can extend this result to the flow including the global term. This will be supplemented in section 11.
Hence we consider a sufficiently smooth solution of the initial value problem (1.1) and show how the geometric quantities of the hypersurfaces M (t) evolve. All time derivatives are total derivatives, i.e., covariant derivatives of tensor fields defined over the curve x(t), cf. [13, Chapter 11.5] .
First, we consider the evolution equations for the hypersurfaces represented as graphs.
Looking at the component α = 0 of the flow (1.1) we obtain the scalar flow equation
where the time derivative is a total time derivative of u = u(t, x(t, ξ)). If however we consider u to depend on u = u(t, ξ) we obtain the partial derivative
(3.14)
Let us now state the evolution equations, where we note that all covariant derivatives appearing in these equations are taken with respect to the induced metric of the flow hypersurfaces:
We have the following evolution equations:
where
where η is the covariant vector field (η α ) = e ψ (−1, 0, ..., 0),
Proof. See 
Height estimates and volume preservation of the flow
First, we remind the definition of the mixed volume, for k ∈ {0, . . . , n} and a hypersurface M represented by a graph u we have:
where for (t, x) ∈ N we denote byḡ(t, x) = det(ḡ ij )(t, x) the volume element of the level hypersurface x 0 = t at the point x ∈ S 0 . The choice of the reference point 0 ∈ (a, b) for the enclosed volume is arbitrary. Now we are going to prove the claimed volume preservation property of the flow (1.
Lemma 4.1. For k = 0 the enclosed volume V n+1 and for k = 1 the volume of the hypersurfaces V n is preserved. If the ambient space has vanishing sectional curvatures, then for 1 < k ≤ n the mixed volume V n+1−k is preserved.
Proof. First we observe that for x ∈ S 0 we have
whereḡ ij (t, ·) denotes the metric of the level hypersurface x 0 = t.
Taking this into account, we have for k = 0 in view of (3.14):
in view of the definition of f 0 . Hence the enclosed volume is preserved by the flow.
For k = 1 we have in view of (3.16)
Finally, for 1 < k ≤ n we assume the ambient space has vanishing sectional curvatures. Then we exploit Lemma 2.5 and Lemma 2.4. We get
In order to prove the C 0 -estimates we will show that the curvature function is bounded during the evolution. Together with the monotonicity of the constant F -curvature hypersurfaces, which we will prove afterwards, we then obtain that the flow stays within the domain bounded by the barriers for all times. then there holds for all times 0 < t < T * (4.7)
Moreover Φ sup (t) := max Proof. We will prove (4.7) holds until T 0 , where 0 < T 0 < T * is arbitrary. This will prove the first statement and the second one follows by observing that the argument holds as well for the interval [t 1 , T * ), where 0 < t 1 < T * is arbitrary. We only prove the upper bound, the proof for the lower bound follows analogously. Let
where ǫ > 0 is chosen arbitrarily. Therefore there holds (4.9)Φ |t=0 < 0 and from (3.20) we get
and where t 0 is the first time for this to happen.
Hence there holds for all x ∈ S 0
and this implies by the definition ofΦ and f k
Evaluating (4.10) at (t 0 , x 0 ) yields therefore in view of the maximum principle (4.14)
where we used the timelike convergence condition (1.5) in case of the mean curvature flow and (1.6) for general curvature functions as well as the nonnegativity of the term
and the Lemma follows because ǫ can be chosen arbitrarily small.
Note that this Lemma ensures in the case of F = H or F = σ 2 , that the principal curvatures of the flow lie in the cone of definition, where we use Lemma 2.6 for F = σ 2 . Furthermore, with regard to the supplementary function, the proof merely depends on the fact that Φ ′ > 0. We also want to point out the following observation, which can be used to prove long time existence for bounded, but otherwise more general global force terms, than the ones we consider in this paper, as long as we have suitable barriers: Remark 4.3. The proof of the preceding Lemma shows that for a global term f = f (t) which is bounded from below and above by c 1 and c 2 respectively, where these are arbitrary constants, the curvature function Φ(F ) is bounded by the same constants if Φ(F ) |t=0 is. Now we want to show the monotonicity of hypersurfaces with respect to their F -curvature. For the mean curvature in a cosmological spacetime the proof can be found in [14, Lemma 4.7.1], for general F the proof needs a minor modification: Lemma 4.4. Let N be a smooth cosmological spacetime with compact Cauchyhypersurface S 0 and non-positive timelike sectional curvatures, F a strictly monotone curvature function defined on an open, convex, symmetric cone Γ,
, such that F vanishes on the boundary of Γ and F > 0 in Γ.
Let M i = graph u i , i = 1, 2 be two compact, connected, spacelike, admissible hypersurfaces of class C 2 , such that the respective F -curvatures F i satisfy
and if p ∈ S 0 is a point such that
F 2 , then we assume that the principal curvatures of M 2 at (u 2 (p), p) are not all equally to zero. Then there holds
Proof. In view of the equation (3.9) and the maximum principle it suffices to show
Now suppose (4.18) is not valid, so that
Thus there exist points p i ∈ M i such that
where d is the Lorentzian distance function, which is finite and continuous in our setting, see [13, Theorem 12.5.9] . Now let φ be a maximal geodesic from M 2 to M 1 realizing this distance with endpoints p 2 and p 1 and parametrized by arc length.
Denote byd the Lorentzian distance function to M 2 , i.e. for p ∈ I + (M 2 ) In this coordinate system M 2 is the level set {d = 0} and the level sets
are C 2 -hypersurfaces. Next we want to derive a formula for the evolution of the F -curvature of the level hypersurfaces of this coordinate system. Let us define the flow of the level hypersurfaces byẋ = −ν, (4.23)
where x 0 is the embedding of M 2 . Then we infer from [14, Proposition 1.
15) with f = 1) are continuously differentiable with respect to space and time. From (3.18) we then obtain the equation
where we note that in view of (4.25) one can verify thatR αβγδ ν α ν γ =R 0β0δ is continuous in this coordinate system, sinceΓ
For the F -curvature of M (t) we obtain then the equation
where the geometric quantities likeḡ ij ,h ij and so on denote the geometric quantities of the level hypersurfaces and they are not to be confused with the quantities of the ambient space. This implies that the F -curvature of M (t) is monotonically increasing with respect to t in view of the strict monotonicity of the F -curvature, hence the level hypersurfaces are admissible, since F vanishes only on ∂Γ. Next, consider a tubular neighbourhood U of M 1 with corresponding normal Gaussian coordinate system (x α ). The level sets
lie in the past of M 1 =M (0) and are all of class C 2 for small δ. Since the geodesic φ is normal to M 1 , it is also normal toM (s) and the length of the geodesic segment of φ fromM (s) to M 1 is exactly −s, thus equal to the distance fromM (s) to M 1 , hence we deduce
We infer that {φ(t) : 0 ≤ t ≤ d 0 + s} also represents a maximal geodesic from M 2 toM (s) and we conclude further that, for fixed s, the hypersurfaceM (s)∩Π is contained in the past of M (d 0 + s) and touches
Hence by the maximum principle there holds
Furthermore, if
then by using the additional assumption we conclude that if we choose δ > 0 small enough, then in view of (4.27) there exists ǫ > 0 not depending on s, −δ < s < 0, such that there holds
On the other hand the F -curvature ofM (s) converges to the F -curvature of M 1 if s tends to zero, hence we conclude (4.33)
where ǫ > 0 if (4.31) is satisfied (otherwise it can be equal to zero), yielding in either case a contradiction to (4.16).
The barrier condition and the preceding Lemmata imply the following 
Then a compact, connected, spacelike hypersurface of class C 2 with F ≡ c for some constant c > 0, is uniquely determined.
Gradient estimates
Let Φ be a function in C 2,α (R), which satisfies
Let f = f (t) be a bounded function and suppose C 0 -estimates have already been established, i.e. the flow stays inside a compact regionΩ ⊂ N . Let F be a curvature function which is monotone, concave and homogeneous of degree 1. Then we show, following the proof in [10, Section 5], Proposition 5.1. During the evolution of the flow (1.1) the termṽ is uniformly bounded:
We can allow for such a general supplementary function Φ as above, because we already established bounds for Φ in Lemma 4.2.
First we need some Lemmata:
where µ, λ are constants, satisfies the equatioṅ
The Lemma follows from (3.21). For a proof of the following two Lemmata we refer to [12] :
There is a constant c = c(Ω) such that for any positive function 0 < ǫ = ǫ(x) on S 0 and any hypersurface M (t) of the flow we have |||ν||| ≤ cṽ, (5.5) 16) where the function 0 < ǫ = ǫ(x) < 1 2 is the one chosen in Lemma 5.3. We use the maximum principle to show that w is bounded, let 0 < T < T * and x 0 = x(t 0 , ξ 0 ) be such that
We choose a coordinate system (ξ i ) such that in the critical point 
Now assumeṽ(x 0 ) ≥ 2 and let i = i 0 be an index such that
We set (e i ) = ∂ ∂ξ i 0 and assume without loss of generality that 0 < u i e i . At x 0 there holds Dw(x 0 ) = 0, hence taking the scalar product with (e i ) yields
where the second equation follows fromṽ = η α ν α and the Weingarten equation (we remind that η = e ψ (−1, 0, . . . , 0)). Rearranging the terms and taking (5.11) as well as (5.20) into account, we get for large |λ|
Hence it follows that κ i0 is negative and of the same order asṽ, which already finishes the proof, if we have a lower bound for the principal curvatures. Next, considering the special coordinate system chosen above and the fact that κ i0 is negative, we conclude
Since F is concave, we have at x 0 (5.24)
hence there holds
We conclude
Inserting this estimate in (5.16) yields at x 0 with the choice ǫ = e −λu :
The second row is negative due to the choice of µ. The first term is the dominant one, if we choose |λ| large enough, hence the right hand side is negative, which implies that the maximum of w cannot occur at a point whereṽ ≥ 2.
Curvature estimates
In this section we prove the boundedness of the principal curvatures during the flow, which together with the estimates in the next section will imply the long time existence of the flow by well-known arguments. Now in view of Lemma 4.2 we are in an expedient situation, as C 2 -estimates can be derived in the same way as for a constant force term f ≡ c. Nevertheless we will provide them for the sake of completeness. Proof. Let ζ be defined by
Let 0 < T < T * and x 0 = x 0 (t 0 ) with 0 < t 0 ≤ T be a point in M (t 0 ) such that
At first, we follow the usual argument, which allows one to substitute ζ by h n n and use the evolution equation for the latter quantity to estimate ζ: We choose Riemannian normal coordinates (ξ i ) at x 0 ∈ M (t 0 ) such that at this point we have We note thatζ is well defined in a neigbourhood of (t 0 , x 0 ) andζ assumes its maximum at (t 0 , x 0 ) as well. Moreover at (t 0 , x 0 ) we have (6.6)ζ =ḣ n n and the spatial derivatives do also coincide. Hence at (t 0 , x 0 ) the functionζ satisfies the same differential equation as h n n . For the sake of greater clarity, we will treat therefore h n n like a scalar and pretend that ζ is defined by (6.7) ζ = log h n n . In view of the maximum principle and Lemma 4.2 we deduce that there holds at (t 0 , x 0 )
. This proves that ζ is bounded and since we already have a lower bound on H we are done.
Before we prove the next estimates, let us state the following Remark 6.2. Let χ ≡ χ Ω be the strictly convex function, where we assumē Ω is the region determined by the C 0 -estimates. Then there exist constants c = c(|Φ|, |Φ ′ |) and c 0 > 0 (depending on |Φ ′ | and the strict convexity of χ), such that
Next, we treat the case F = σ 2 . The proof is as in [10] :
Proposition 6.3. The principal curvatures of the flow (1.1) with F = σ 2 , Φ(x) = x or Φ(x) = −x −1 , are uniformly bounded during the flow, provided there exists a strictly convex function χ ∈ C 2 (Ω).
Proof. Let ζ and w be respectively defined by ζ = sup{h ij η i η j : ||η|| = 1}, w = log ζ + λχ, (6.10) where λ > 0 is a large constant. We will show that w is bounded, if we choose λ sufficiently large.
By the same procedure as in the last proof we introduce normal coordinates at x 0 = x(t 0 , ξ 0 ), and we may define w by (6.12) w = log h n n + λχ. If we assume h n n and λ to be greater than 1, we deduce the following inequality at (t 0 , ξ 0 )
where we have estimated bounded terms by a constant c and the last term is due to the term with the second derivatives of F in the evolution equation of h n n (we use formula (2.1.72) in [14] and note that the two parts in this formula are both negative for a concave curvature function, see [14, Proposition 2.
1.23]).
We distinguish two cases: Case 1. Suppose that (6.14)
where we choose some fixed ǫ 1 so that 0 < ǫ 1 < 
Since Dw = 0,
For large κ n the first term in (6.13) is dominating, so we can conclude κ n is a priori bounded in this case. Case 2. Suppose that (6.18)
Then, by using the Codazzi equations, we can estimate the last term in (6.13) from above (where we omit the factor Φ ′ for a moment):
The second sum can be estimated by a constant, since
The terms in (6.13) containing the derivative of h n n can therefore be estimated from above by (again omitting the common factor Φ ′ )
(6.20)
Hence we get the inequality
Because of (H 2 ) i ≥ c 1 κ n and the fact that σ 2 ≤ c 0 we deduce
Hence we can uniformly estimate κ n from above, if λ has been chosen large enough. The proposition now follows from |A| 2 < H 2 and H > 0, which are valid in Γ 2 by definition. Proposition 6.4. The principal curvatures of the flow (1.1) with F ∈ (K * ), Φ(x) = log(x), are uniformly bounded during the flow, provided there exists a strictly convex function χ ∈ C 2 (Ω).
Proof. Let ζ be defined as in the preceding proof and define (6.23) w = log ζ + λṽ + µχ, where λ, µ are large positive parameters which we specify later and we will prove that w is bounded if we choose λ and µ approprietly. By the same procedure as in the last proofs we suppose x 0 is a point in M (t 0 ) such that (6.11) holds, where 0 < T < T * and 0 < t 0 ≤ T , we introduce normal coordinates at x 0 = x(t 0 , ξ 0 ), and we may define w by (6.24) w = log h n n + λṽ + µχ. At (t 0 , ξ 0 ) we have in view of the maximum principle
where we have assumed that h n n , λ and µ are larger than 1 and used the boundedness of Φ.
Since F ∈ (K * ), by choosing λ and µ large enough it suffices to estimate the term, which is quadratic in the derivatives. This will be done by exploiting the last term, which is negative (both its components are).
x , we can estimate the last term from above by
n , hence by abbreviating the curvature term byR i , we conclude that (6.26) is equal to
. Hence the last two terms in (6.25) are estimated from above by
D log h n n = −λDṽ − µDχ, hence we can finally estimate the last two terms by
This establishes the uniform bound of κ n from above and implies that κ 1 is uniformly bounded from below by a positive constant in view of F ≥ c > 0 and F |∂Γ = 0.
Higher order estimates
In view of the a priori estimates obtained so far, we know that (7.1) |u| 2,0,S0 ≤ c 0 and (7.2) Φ(F ) is uniformly elliptic in u independently of t, 0 < t < T * , because the principal curvatures lie in a compact subset of Γ. Denote the ellipticity constants by λ, Λ.
Next, we look at the nonlinear, but uniformly parabolic equation
where the operator Φ(F ) is concave in h ij , hence −Φ(F ) is concave in u ij . However, we cannot apply the Krylov-Safonov estimates since f = f (t) is a merely bounded function. Instead, we can follow an argumentation similar to the one used in [22] and, with certain modifications, in [6] to obtain a uniform, time-independent bound on u in H 2+β, 2+β 2 ([δ, T ] × S 0 ) for some 0 < β < 1, where we choose δ > 0 to be arbitrary but fixed and δ < T < T * ≤ ∞ arbitrary. The idea is roughly as follows: First one obtains H β, β 2 ([δ, T ]× S 0 )-estimates, 0 < β < α, for u and Φ(F ) using the parabolic Harnack-inequality. Then we fix t ≥ δ and consider u to be a solution of the nonlinear, but uniformly elliptic equation
As this equation is not well-defined on the whole set S 0 ×R×R n ×S, where S ⊂ R n×n denotes the space of symmetric matrices, we are going to use the Bellmanextension in a similar way as in the papers cited above. Now we can apply C 0,β (S 0 )-estimates for D 2 u(t, ·) using a result of Caffarelli ([7, Theorem 8.1]). We remark that in this section Du and D 2 u denote the first respectively second derivatives with respect to space. This then enables us to use the estimates from [2, Sections 3.3, 3.4 ] to obtain parabolic Hölder estimates for Du and D 2 u. Finally, the higher order estimates can then be derived by using essentially the parabolic Schauder-theory, thereby asserting long-time existence.
From now on let ǫ, δ, T be fixed constants with 0 < ǫ < δ < T < T * . By choosing a finite covering of S 0 it suffices to show inner estimates in a fixed coordinate chart. Hence from now on all quantities of the hypersurface are expressed in local coordinates and depend on x ∈ Ω, where Ω ⊂⊂ R
n is an open, precompact set. First, we derive the Hölder-estimates for u and Φ(F ):
Lemma 7.1. There exist constants β, 0 < β < 1, and c 1 depending on the already obtained estimates, such that
Proof. Looking at the equation (3.20) we havė
and g as well as b k are bounded in view of (7.1). Since this is a uniformly parabolic equation, we can apply [20, Corollary 7 .41] or [24, Theorem 3.16 ] to obtain (7.5). Next we look at (3.21):
ij } Since we are in the same situation as before, proceeding as above yields (7.6).
Next, we want to use the result of Caffarelli to obtain spatial C 2,β estimates for u. First we extend F using the Bellman-extension to all of R n×n , where we consider F = F (h i j ):
n be an open, convex, symmetric cone and f ∈ C 2 (Γ) be a symmetric, concave function, positively homogeneous of degree 1 and vanishing on the boundary of Γ. Denote by F ∈ C 2 (S Γ ) the corresponding curvature function. Let C 1 , C 2 be positive constants. Then there exists a functionF defined on all of R n×n , which agrees with F on the set
where the κ i denote the eigenvalues of A. FurthermoreF is uniformly Lipschitz continuous, positively homogeneous of degree 1, concave and uniformly elliptic, where the ellipticity constants depend on C 1 and C 2 .
Proof. DefineF for arbitrary (b i j ) ∈ R n×n as follows:
First of all, in view of Eulers homogeneity relation
) and the concavity we infer for (b
From this inequality and again the homogeneity relation we inferF |C = F |C . By definitionF is concave, homogeneous of degree 1 and well-defined, since C is compact. Furthermore, using some elementary properties of the tracefunction and the fact that F is uniformly monotone in C, one obtains the uniform ellipticity ofF , hence there exist positive constants λ, Λ, depending on n, F and C, such that ∀A, B ∈ R n×n with B nonnegative definite there holds (7.12) λ ||B|| ≤F (A + B) −F (A) ≤ Λ ||B||.
In the same way as above one can establish thatF is uniformly Lipschitz continuous.
Now we can derive the spatial C 2,β -estimates, first we cite the result of Caffarelli, see [7, Theorem 8 .1] and the remarks following it: Theorem 7.3. Let g ∈ C 0,α (Ω), 0 < α < 1, G : Ω × S → R be continuous, concave in the second argument, uniformly elliptic, i.e. there are constants µ 1 , µ 2 such that for all x ∈ Ω, A, B ∈ S with B nonnegative definite there holds
and furthermore there exists c > 0, such that for all x, y ∈ Ω, A ∈ S there holds (7.14)
Then for Ω ′ ⊂⊂ Ω there exist constants 0 < β < α and C > 0 such that a solution u of G(·, D 2 u(·)) = g(·) satisfies
where C depends on n, µ 1 , µ 2 , c and Ω ′ .
Lemma 7.4. Let Ω ′ ⊂⊂ Ω be an open set and t ∈ [ǫ, T ] arbitrary, then there exist constantsβ, 0 <β < β, and c 2 such that
where c 2 is a constant depending on λ, Λ, d(Ω ′ , ∂Ω) and the constants c 0 from (7.1) and c 1 from (7.5).
Proof. By using (3.10) we can define a smooth function 17) linear in r for fixed x, z, p, such that for arbitrary spacelike hypersurfaces M = graph u |Ω of class C 2 we have for
, where the derivatives are partial derivatives. Furthermore for such u we can define the functionη u :Ω × S → S, (x, r) → η(x, u(x), Du(x), r), (7.19) which is now of class C 1 . Applying Lemma 7.2, with C 1 and C 2 chosen correspondingly to the already obtained a priori estimates, we define
, which is valid in view of Lemma 7.1, we consider u(t, ·) to be a solution to the equation
Now we can apply Theorem 7.3 to obtain the desired estimates, where we use the uniform ellipticity ofF and we note that −G is concave with respect to r (see the definition of η and the remark at the beginning of this section). Finally, a short computation using the already obtained C 2 -estimates yields that (7.14) is satisfied (even for α = 1).
Finally, we obtain: Proposition 7.5. Fix δ, T , such that 0 < δ < T < T * ≤ ∞. Then for the solution of problem (1.1) we have uniform estimates
2 , [δ,T ]×S0 ≤ c for constants β, 0 < β < 1, and c depending on the choice of δ, but not on T .
Proof. In the same way as we obtained a uniformly elliptic equation for u in the last Lemma, we can obtain a uniformly parabolic equation for u and use the estimates from [2, Sections 3.3, 3.4 ] to obtain the parabolic Hölder-estimates for Du and D 2 u. Together with (7.6) and the definition of f we obtain (omitting the tilde in the Hölder exponential) (7.23) ||f || β 2 ,[δ,T ] ≤ const. The last estimate to complete the Proposition can then be obtained from the evolution equation of the graph.
We finish this section with the higher order estimates and the existence for all times.
Proposition 7.6. The scalar curvature flow exists for all times 0 < t < ∞ in the class H It remains to prove the estimate (7.24). With β from Proposition 7.5, we have u ∈ H m+2+β, [15, Theorem 6.5] . With this new a priori estimates at hand we can again apply the Theorem to obtain the uniform estimates (7.24).
We remark that the estimates we have used so far, apart from Lemma 4.2, do not rely too much on the particular choice of the global force term. Hence as long as bounds for the global force term can be established, one can alter for example the integrands by functions, which depend on u up to its second derivatives and still obtain long time existence for the flow.
Convergence
Now we want to show the convergence to a hypersurface of constant Fcurvature. The first step consists of proving the convergence of the F -curvature. Let us first cite a well-known fact.
Lemma 8.1. Let S 0 be a compact manifold of class C 1 and f ∈ C 1 (J × S 0 ), where J is an open interval, then
is Lipschitz continuous and there holds a.e.
where x t is a point in which the supremum is attained. A corresponding result is also valid if φ is defined by taking the infimum instead of the supremum.
Proof. See Lemma 6.3.2 in [14] .
Dealing carefully with the equation (3.20) we can prove at once the exponential convergence of the F -curvature. Note that the proof does not rely on any a priori estimates besides the bounds on the curvature function.
Proof. We remind that Φ(F ) satisfies a parabolic equation of the form
δ j } and we note C ≥ c 0 > 0 and c 0 = c 0 (M 0 ), in view of Lemma 4.2.
We consider Φ as a function
and denote by ξ inf (t) ∈ M t a point where
and by ξ sup (t) ∈ M t a point where
We know that Φ inf and Φ sup are lipschitz continuous considered as functions depending on t, hence by the previous Lemma there holds for a.e. t:
Considering the points at which the functions are evaluated, one obtains the following inequality
Now since both Φ sup − f k and f k − Φ inf are nonnegative, due to the definition of f k , we conclude
Hence there holds
for a.e. t ∈ [0, T * ). Integrating over t shows the exponential decay and proves the lemma. Now we can infer the convergence of the graphs: Corollary 8.3. The graphs u = u(t) converge exponentially to a continuous function u ∞ on S 0 in the Supremum-Norm, where the factor in the exponential convergence is the same as in Lemma 8.2, i.e. there exists a constantc = c(M 0 , |u|) > 0 such that
Proof. Let t ∈ [0, ∞) be given and t ′ > t be arbitrary. Then we have in view of (3.14) for an arbitrary x ∈ S 0 and some c ′ > 0:
We remind a well-known interpolation Lemma, which will be used to show the exponential convergence of the graphs in C m+2 . From the preceding Lemmata one can infer the exponential convergence in C m+2 (S 0 ):
. u ∞ represents a spacelike hypersurface of class C m+2,α with constant F -curvature.
Proof. Using the uniform estimates (7.24) together with Corollary 8.3 and the interpolation inequality (8.17) we conclude the exponential convergence of u(t, ·) in C m+2 (S 0 ). Since we have uniform estimates forṽ, the limit hypersurface M ∞ = graph u ∞ is a spacelike hypersurface. Lemma 8.2 shows that the limit hypersurface has constant F -curvature, then the elliptic Schauder theory implies u ∞ ∈ C m+2,α (S 0 ).
If we assume the initial hypersurface and the considered curvature function to be smooth, then the above Lemma yields the exponential convergence in the C ∞ -topology: Corollary 8.6. If the initial hypersurface and the curvature function F are smooth, then the graphs converge exponentially in the C ∞ -Topology to a hypersurface of constant F -curvature.
Stability
In this section we want to prove the strict stability of the limit hypersurface, which means, that for curvature functions of class (D) the first eigenvalue of the linearization is strictly positive.
First, we linearize the operator F . For this let M 0 be a hypersurface, which satisfies (9.1)
where c is a constant (positive in case F is of class (K * ) and arbitrary for F = H). Then there holds, see [15, Lemma 3.9 ]: Lemma 9.1. Let M 0 be of class C m+2,α , m ≥ 2, 0 ≤ α ≤ 1, and satisfy (9.1). Let U be a tubular neighbourhood of M 0 , then the linearization of the operator F expressed in the normal Gaussian coordinate system (x α ) corresponding to U and evaluated at M 0 has the form We remind the definition of stability:
Definition 9.2. Let N be Lorentzian, F a curvature operator, and M ⊂ N a compact, spacelike hypersurface, such that M is admissible. Then M is said to be a (strictly) stable solution to the equation (9.1), if the quadratic form
is divergence free, then this is equivalent to the fact, that the first eigenvalue λ 1 of the linearization, which is the operator in (9.2), is non-negative.
In view of the assumptions on the ambient manifold N , in our case there holds Proposition 9.3. The limit hypersurface of the flow is strictly stable.
Foliation
In this section we want to derive some results for regions covered by constant F -curvature surfaces, but first we are going to show that under suitable assumptions we can provide such a foliation. To show the existence of a region covered by compact, connected, spacelike constant F -curvature hypersurfaces (such a hypersurface will be called CFC-surface from now on) we use however the corresponding curvature flow with the volume preserving term substituted by a constant. The corresponding results can be found in [14, 
provided there exists a strictly convex function χ ∈ C 2 (Ω), where Ω is the region between the barriers. In the case F = H we do not need the existence of the strictly convex function.
Using this theorem we can show the existence of a foliation in a region enclosed by barriers by following the arguments used to establish a foliation by constant mean curvature surfaces in [14, Theorem 4.6.3] .
Theorem 10.2. Let N , F , Γ be as in Theorem 1.3 with m ≥ 2, 0 < α < 1. Let c 1 < c 2 be positive constants and suppose there exists a future curvature barrier for (F, Γ, c 2 ) and a past curvature barrier for (F, Γ, c 1 ), both of class C m+2,α , and denote the region between the barriers by Ω. If F is not the mean curvature, then we suppose in addition that there exists a strictly convex function χ ∈ C 2 (Ω). Let M c1 , M c2 be the CFC-surfaces with F -curvature equal to c 1 respectively c 2 . Then the region between M c1 and M c2 , which will be denoted by N 0 , can be foliated by CFC-surfaces of class C m+2,α and there exists a time function x 0 of class C m−1 , such that the slices
have F -curvature τ . Proof. This follows as in [14, Lemma 4.6 .2] by using Theorem 10.1, the uniqueness of CF C-surfaces and the monotonicity of F for level hypersurfaces in a tubular neighbourhood around a fixed CF C-surface.
Now we can prove Theorem 10.2:
Proof. We have to show that the F -curvature parameter can be used as a time function, i.e., τ should be of class C m−1 with non-vanishing gradient. The regularity of τ can be shown in an arbitrary coordinate system and it suffices to prove it locally. Let τ ′ ∈ (c 1 , c 2 ) and consider a tubular neighbourhood U = (−δ, δ) × M τ ′ with δ > 0 around M τ ′ and the corresponding normal gaussian coordinate system of class C m+1,α , see [13, Theorem 12.5.13] . Then for small ǫ > 0 we have
see the proof of the Lemma above, they can be written as graphs over M τ ′ , M τ = graph u(τ, ·) and using the implicit function theorem we will show that u is of class C m−1 : Let δ > 0 and s ∈ N, 0 ≤ s ≤ m − 2, then we define the open subset
of the Banach space C s+2,α (M τ ′ ), which is equipped with a norm induced by the induced metric of M τ ′ . If ϕ ∈ C s δ and δ is sufficiently small, then graph ϕ represents a compact, connected, spacelike and admissible hypersurface, hence we can define the operator
where F (ϕ) denotes the F -curvature of graph ϕ |M τ ′ .
We will show now that G s is of class C m−s−1 , since F is of class C m . We want to express the operator F : C s δ → C s,α (M τ ′ ) as a composition of several mappings, for which we can prove the regularity needed, especially we want to be in a position to use Lemma 10.5 below, i.e. we want to localize the operator F . From now on let s be fixed.
First of all, let
Then define the linear and continuous, and hence smooth, mapping
(10.8)
Next, for 1 ≤ i ≤ k we define the linear and continuous, hence again smooth, mappings
where S denotes the symmetric n × n-matrices and the derivatives are partial derivatives. Denote by γ the map with components γ i . We denote by η i , 1 ≤ i ≤ k, the function η from Lemma 7.4 defined on the corresponding setΩ i , thus it is the function representing the second fundamental form for graphs over M τ ′ in the coordinate chart (Ũ i , ϕ i ). We note that η . Now we can apply Lemma 10.5 to obtain that that the induced mapsF i :
It remains to put these maps together to obtain the F -curvature of graph u defined on M τ ′ :
Let (ζ i ) 1≤i≤k be a partition of unity subordinate to the covering (U i ) 1≤i≤k , and define
As can be seen by an argumentation as in the previous steps, this map is of class C m−s−1 and F as a map from
hence it is also of class C m−s−1 , completing this part of the proof. Now Lemma 9.1 implies
where the geometric quantities appearing in this equation correspond to M τ ′ . Hence the elliptic Schauder theory implies that the operator
is an isomorphism and the implicit function theorem implies the existence of
We will show the regularity of u in a coordinate chart (Ω, φ) of M τ ′ , where φ is of class C m+2,α , Ω ⊂⊂ M τ ′ is a domain and let Ω ′ ⊂ φ(Ω) be a domain with a smooth boundary. Then we can definē
which is then again of class C m−s−1 . Furthermore for 0 ≤ s ≤ m − 2 we define the supplementary function
Then χ s+2 is of class C s+2,α , where for a n-dimensional multi-index β with |β| ≤ s + 2 there holds D β χ = η s+2,β , which is defined as
Finally, we consider the function (10.17) which is well defined independently of s in view of the uniqueness of CFCsurfaces. Now let β be an n + 1-dimensional multi-index with |β| ≤ m − 1 and denote byβ the last n components of β. To be precise, at this moment we should also include an order of the elements of β, which would correspond to the order of the partial derivatives to be taken, however the proof below still holds unchanged for ordered multi-indices. If β 1 > 0 then define s := m−1−β 1 and for β 1 = 0 define s := m − 2. Then D β u(t, x) exists and using the chain rule we see that D β u(t, x) = Dβχ s+2 (x) • D β1ūs (t) and hence is continuous.
Next we show that τ has a non-vanishing gradient: Again in a tubular neighbourhood of M τ ′ we define the coordinate transformation
Then there holds
If we can show thatu is strictly positive then Φ is a diffeomorphism of class C m−1 and hence τ has non-vanishing gradient. Now we observe that the CFCsurfaces in U satisfy the equation
where the left hand-side can be expressed via (3.9). Differentiating both sides with respect to τ , evaluating for τ = τ ′ and taking into account that u(τ ′ , ·) = 0 in this coordinate system, we obtain the equation
Hence in a point, whereu attains its minimum, we can infer
Since the expression in the brackets is always positive, for this fact we refer again to the proof of Lemma 4.4, we conclude thatu is strictly positive, completing the proof of the Theorem. We deliver the Lemma, which has been used in the above Theorem. 
Proof. This follows from the proof in [1, Theorem VII.6.4] by using the continuity result from [8, Theorem 2.1].
Next, we derive some results concerning the area and volume of hypersurfaces between CFC-surfaces.
Remark 10.6. Now suppose C ⊂ N is a cylinder, which can be foliated by CFC-surfaces M τ , i.e. (10.26) where the functions are defined on J, are strictly monotone decreasing and increasing respectively, where the latter follows from the monotonicity of CFCsurfaces. For the former let M τ1 , M τ2 ⊂ C be two CFC-surfaces, τ 2 > τ 1 . Then we choose the time-function from Theorem 10.2 and note that in this coordinate system the area is strictly decreasing in view of
where we used Lemma 2.6. Hence the statement.
Now we can derive the following consequence of Theorem 1.3
Proposition 10.7. Let N , F be as in Theorem 1.3 with m ≥ 2, 0 < α < 1. Let M = graph u be a compact, spacelike, connected, admissible hypersurface in N of class C 4,α satisfying for some 0 < c 1 < c 2 < ∞ (10.28)
and we assume there exist two CFC-surfaces M c1 and M c2 of class C 4,α with F -curvature c 1 respectively c 2 . Then there holds
and
Proof. This follows from Theorem 1.3 and the remark above.
In a certain sense we can prove the converse of the above:
Proposition 10.8. Let N , F be as in Theorem 1.3 with m ≥ 3, 0 < α < 1. Let M τ = graph u τ be a CFC-surface of class C m+2,α with positive F -curvature τ > 0. Then M τ is the limit hypersurface of a non-trivial curvature flow, which preserves |M τ | or V n+1 (M τ ).
Proof. We consider a tubular neighbourhood U = (−δ, δ) × M τ with δ > 0 around M τ and work in the corresponding normal gaussian coordinate system of class C m+1,α . Furthermore, all hypersurfaces below will be considered as graphs over M τ , hence M τ = graph 0. For δ > 0 let (10.31)
an open subset of C m+1,α (M τ ). Again we choose δ > 0 small enough, such that, for u ∈ C δ , graph u represents a compact, connected, spacelike and admissible hypersurface contained in U. Furthermore we can use M τ without loss of generality as the reference hypersurface in the definition of the volume, i.e. V n+1 (M τ ) = 0. Now define the following functionals: Since the volume and the area are strictly monotonically increasing and decreasing respectively in the tubular neighbourhood, see (10.27 ), in every arbitrarily small neighbourhood of 0 in C δ there are compact, spacelike, connected, admissible hypersurfaces with bigger and smaller volume respectively area than M τ , hence ϕ −1 (R + ) and ϕ −1 (R − ) are both nonempty. We conclude that the set B := ϕ −1 (0) − {0} is nonempty, for otherwise the connected setÛ := U − {0} is identical to ϕ −1 (R + )∪ ϕ −1 (R − ), which is a contradiction to the connectedness ofÛ , since the latter two sets are open in view of the continuity of ϕ.
Hence we obtain a starting hypersurface of class C m+1,α , which, when δ was chosen small enough, fulfills also the barrier requirements, see the proof of Lemma 10.3. Now, since m ≥ 3, we can apply Theorem 1.3 to complete the proof.
Short time existence
Short time existence for the flow without a global, time-dependent force term is well known, see for example [14, Chapter 2.5] . The method employed there is to show first short time existence via the inverse function theorem for a scalar evolution equation (evolution of the graphs) and then using existence results for ordinary differential equations one obtains the desired short time existence for the flow.
We will use a modification of the proof from [14] and a fixed point argument as in [21] to prove the short time existence for the flow with a global force term. G is defined and elliptic for functions u belonging to an open set Λ ⊂ C 2 (S 0 ), which corresponds to the hypersurfaces being admissible:
Once the existence for the scalar equation is shown, the arguments in [14, Chapter 2.5] can be applied to yield the short-time existence for the parabolic system (1.1).
First of all we note, that there exist ǫ 0 , δ > 0, such that the modified problem ∂u ∂t + G(x, u, Du, D 2 u) + g(x, u, Du)h(t) = 0,
where we have substituted f by a function h ∈ C In view of the standard parabolic estimates, see [14, Theorem 2.5.9] , it is sufficient to show the existence of a solution u ∈ H 2+β, 2+β 2 (Q ǫ0 ) to (11.3) for some 0 < β < α and the uniform bound in the corresponding norm.
The existence and the necessary estimate is shown using the inverse function theorem in a similar manner as in [14, Chapter 2.5], but using the operator . We remark that the uniqueness of the solution to the modified problem follows as in the time-independent case by the parabolic maximum principle.
To prove short time existence for the problem (11.1), define the following closed and convex set: ≤ δ}.
For h ∈ M ǫ,δ , 0 < ǫ < ǫ 0 , δ as above, denote by u h a solution to (11.3) and set (11.8) where the quantities on the right hand side are those belonging to the solution u h to the problem (11.3). We will show that in fact T maps M ǫ,δ into itself if ǫ is small enough and furthermore T is a compact map, hence maps bounded to precompact sets. The existence of a solution to (11.1) then follows from the Schauder fixed-point theorem.
The essential fact to prove this, is that we have uniform bounds on u h in H 
The C 0 -norm can be estimated in the same way by noting that T h(0) = f (0) and for the C 1 -norm we can use the interpolation inequality (8.17) . This completes the proof of the short time existence.
We conclude this section by showing that the solution is unique, where we remark that this can not be shown as usual by using the maximum principle, in view of the presence of a global term. One rather has to use the idea of uniqueness for weak solutions. where for simplicity all functions are supposed to be smooth (the regularity we imposed is also sufficient) and b > 0. This equation corresponds to (3.13) and it suffices to show uniqueness to this equation. Let (11.12) ϕ := u −ũ.
If ǫ is sufficiently small, then the convex combination (11.13)
belongs to the open set Λ, see the above proof for the notation, hence G is well defined for the convex combination. By using the main theorem of calculus we deduce that ϕ satisfies the following equation (11.14)φ = a ij ϕ ij + b
where all the coefficients have bounded derivatives and a ij is uniformly elliptic with ellipticity constant c 0 . We multiply this equation by 2ϕ, then we integrate over S 0 and obtain, after using partial integration, the binomial formula and the Schwartz-inequality,
